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Abstract

This paper shows that the HMM whose state output vector in-
cludes static and dynamic feature parameters can be reformu-
lated as a trajectory model by imposing the explicit relation-
ship between the static and dynamic features. The derived
model, named trajectory HMM, can alleviate the limitations of
HMMs: i) constant statistics within an HMM state and ii) inde-
pendence assumption of state output probabilities. We also de-
rive a Viterbi-type training algorithm for the trajectory HMM.
A preliminary speech recognition experiment based on N -best
rescoring demonstrates that the training algorithm can improve
the recognition performance significantly even though the tra-
jectory HMM has the same parameterization as the standard
HMM.

1. Introduction
The HMM has successfully been applied to modeling the se-
quence of speech spectra in speech recognition systems. Its
tractable and efficient implementations are achieved by assump-
tions: i) constant statistics within an HMM state and ii) inde-
pendence assumption of state output probabilities. To overcome
these limitations in the standard HMM framework, alternative
models have been proposed, e.g., [1]–[10]. Although these
models can improve the speech recognition performance, they
generally require an increase in model parameters and com-
putational complexity. The use of the dynamic features (delta
and delta-delta features) [11] also improves the performance of
HMM-based speech recognizers. However, it has been thought
of as an ad hoc rather than an essential solution.

This paper derives a trajectory model by reformulating the
standard HMM whose state output vector includes static and
dynamic feature parameters. The standard HMM allows incon-
sistent static and dynamic features. By imposing the explicit
relationship between static features and dynamic features, the
standard HMM is naturally translated into a trajectory model,
referred to as “trajectory HMM” in this paper. We also derive
a Viterbi-type training algorithm for the trajectory model, and
evaluate it in a continuous speech recognition task.

The formulation of the trajectory HMM is closely related
to a technique for parameter generation from HMM [12]–[14],
in which the speech parameter sequence is determined so as to
maximize its output probability for the HMM under the con-
straints between static and dynamic features. While we de-
rived the speech parameter generation algorithm in order to
construct HMM-based speech synthesizers [15] which can syn-
thesize speech with various voice characteristics [16]–[18], the
generation algorithm was also applied to speech recognition in
[19]. The proposed training algorithm can be viewed as a train-

ing algorithm for the method in [19]. The model derived in
[20] based on the maximum entropy framework is also closely
related to the proposed trajectory model.

The rest of this paper is organized as follows. Section 2 de-
fines the trajectory model. In Section 3 the training algorithm
for the model is derived. Results of a continuous speech recog-
nition experiment are shown in Section 4. Concluding remarks
and future plans are presented in the final section.

2. Reformulating HMM as trajectory model
The output probability of a speech parameter vector sequence

o =
[
o�

1 , o�
2 , . . . , o�

T

]�
for the standard HMM is given by

P (o |λ) =
∑
all q

P (o | q, λ)P (q |λ), (1)

where q = {q1, q2, . . . , qT } is a state sequence. In most
of speech recognition systems, the speech parameter vector
ot is assumed to consist of the static feature vector ct =
[ct(1), ct(2), . . . , ct(M)]� (e.g., cepstral coefficients), and dy-
namic feature vectors ∆ct, ∆2ct (e.g., delta and delta-delta
cepstral coefficients), that is ot = [c�

t , ∆c�
t , ∆2c�

t ]�. The
dynamic features calculated by

∆ct =

L
(1)
+∑

τ=−L
(1)
−

w(1)(τ)ct+τ (2)

∆2ct =

L
(2)
+∑

τ=−L
(2)
−

w(2)(τ)ct+τ . (3)

correspond to the first and second time-derivative of the static
feature ct, respectively. Conditions (2) and (3) can be arranged
in a matrix form:

o = W c, (4)

where
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[
c�
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2 , . . . , c�
T

]�
(5)

W = [w1, w2, . . . , wT ]� (6)
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0M×M , . . . ,0M×M
T -th

]�
, n = 0, 1, 2 (8)

L
(0)
− = L

(0)
+ = 0, and w(0)(0) = 1. The above model is im-

proper in the sense of statistical modeling: it allows inconsistent
static and dynamic feature vector sequences even though they
are constrained by (4). The statistical model should be defined
as a function of c because the original observation is c rather
than the augmented variable o.

When each state output probability distribution is assumed
to be single Gaussian, P (o | q, λ) is given by

P (o | q, λ) =
T∏

t=1

N (ot |µqt
, U qt) = N (o |µq, Uq), (9)

where µqt
and U qt are the 3M × 1 mean vector and the 3M ×

3M covariance matrix, respectively, associated with qt-th state,
and

µq =
[
µ�

q1
, µ�

q2
, ..., µ�

qT

]�
(10)

Uq = diag [U q1 , U q2 , ..., U qT ] . (11)

By substituting (4) for (9), we can rewrite (9) as follows:

P (W c | q, λ) = N (W c |µq, Uq)

= Kq · N (c | cq, P q), (12)

where cq is given by

Rqcq = rq (13)

and

Rq = W �U−1
q W (14)

rq = W �U−1
q µq (15)

P q = R−1
q (16)

Kq =

√
(2π)MT |P q|√
(2π)3MT |Uq|

· exp

{
−1

2

(
µ�

q U−1
q µq − r�

q P qrq

)}
. (17)

By omitting the normalization constant Kq in the above expres-
sion (12), a new statistical model can be defined:

P (c |λ) =
∑
all q

P (c | q, λ)P (q |λ), (18)

where
P (c | q, λ) = N (c | cq, P q). (19)

It is interesting to note that the mean cq is exactly the same as
the speech parameter trajectory obtained by the speech param-
eter generation technique (Case 1 in [14], see Appendix also),
that is,

cq = arg max
c

P (o | q, λ) = arg max
c

P (W c | q, λ). (20)

This means that by assuming the parameter trajectory cq as
the mean for the spectral parameter vector sequence c corre-
sponding to an utterance, the standard HMM can naturally be
translated into a trajectory model: the state output probability
of observing the static part of the output vector changes during
a state, and is affected by statistics of neighboring states. Note
that the spectral parameter vector sequence c is modeled by a
mixture of Gaussians whose dimensionality is TM , and their
covariances P q are generally full.

3. Training Algorithm
In this section, we derive a training algorithm for the trajectory
model. It should be noted that although the model has the same
parameterization as the standard HMM, the output probability
is defined by (18) rather than by (1). Accordingly, the model
parameters should be trained based on (18).

An auxiliary function of current parameter set λ and new
parameter set λ′ is defined by

Q(λ, λ′) =
∑
all q

P (q | c, λ) log P (c, q |λ′). (21)

It can be shown that by substituting λ′ which maximizes
Q(λ, λ′) for λ, the likelihood increases unless λ is a critical
point of the likelihood. However, it is not tractable since we
have to evaluate all possible state sequences. To avoid this dif-
ficulty, we apply the single Viterbi path approximation1. As
a result, the problem is broken down into the following maxi-
mization problems:

qmax = arg max
q

P (c, q |λ) (22)

λ′ = arg max
λ

P (c, qmax |λ) (23)

3.1. Model parameter update

First, we solve the maximization problem of (23). The problem
is equivalent to maximizing

log P (c | q, λ) = −1

2

[
MT log(2π) − log |Rq|

+ c�P −1
q c + r�

q P qrq − 2 r�
q c

]
(24)

with respect to

m =
[
µ�

1 , µ�
2 , . . . , µ�

N

]�
(25)

σ =
[
U−1

1 , U−1
2 , . . . , U−1

N

]�
, (26)

where N is the total number of HMM states. In this paper, we
refer to P (c | q, λ) as “trajectory likelihood.”

By setting ∂ log P (c | q, λ)/∂m = 0, we obtain a set of
linear equations

S�
q W P qW �SqΣ

−1m = S�
q W c (27)

for determination of m which maximizes log P (c | q, λ),
where

Σ−1 = diag (σ) (28)

µq = Sqm (29)

U−1
q = diag (Sqσ) , (30)

and Sq is a 3T ×3MN matrix whose elements are 0 or 1 deter-
mined according to the state sequence q. The dimensionality of
(27) is 3MN : although it could be tens of thousands, it is still
small enough to solve the set of linear equations using currently
available computational resources.

For maximizing log P (c | q, λ) with respect to σ, we apply
a steepest descent algorithm using the first derivative

∂ log P (c | q, λ)

∂σ
=

1

2
S�

q diag−1(W P qW �

− W cc�W � + 2µqc�W �

+ W cqc�
q W � − 2µqc�

q W �)
(31)

because (24) is not a quadratic function of σ.

1We can also use the N -best approximation.



-1.0

0.0

1.0

2.0

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 (sec)0.1

sil j i u n o j i u o k u w a paub N ts ry

 

 

  
  training data

 HMM mean sequence
trajectory model (w/o parameter update)

trajectory model (mean & variance update)

c(1)

Figure 1: Generated trajectories cq for the trajectory HMM (thin line) and the standard HMM (broken line), the state mean sequence
µq (dotted line), and one of training data c (thick line).

Table 1: Average log “trajectory likelihood” P (c | q, λ).

trajectory HMM
w/o update m σ m & σ

training data 6.86 7.91 12.0 14.8
test data 6.93 7.83 12.1 14.8

3.2. Optimal path search

Next, we discuss the optimal path search problem of (22).
Based on the approximation

qmax = arg max
q

P (q, c |λ)

= arg max
q

1

Kq
P (q, o |λ) (32)

� arg max
q

P (q, o |λ), (33)

we can use the Viterbi algorithm for the standard HMM. To re-
duce the inaccuracy caused by the approximation, the obtained
state boundaries can be adjusted by a recursive algorithm (case
2 in [14]) based on the “trajectory likelihood.” By incorporat-
ing time-recursive calculation of the normalization factor Kq in
the Viterbi algorithm, we can obtain an optimal path directly by
a modified Viterbi algorithm. This would be possible by using
the speech parameter generation algorithm of [21] which can
operates in a time-recursive manner with some look-ahead.

Noted that extensions of the training algorithm to the mul-
tiple observations and multi-mixture distributions are straight-
forward.

3.3. Decoding

For decoding, we can use i) rescoring scheme, ii) recursive cal-
culation of normalization factor Kq in the Viterbi algorithm.
In approach i), N -best candidates are rescored by the “trajec-
tory likelihood.” The state boundaries of each candidate can
also be adjusted by the recursive algorithm (case 2 in [14]). On
the other hand, in approach ii), Kq is calculated in the Viterbi
decoding using the time-recursive algorithm of [21] with some
look-ahead.

4. Experiment
A preliminary experiment was carried out. We used pho-
netically balanced 450 sentences from ATR Japanese speech
database for training speaker-dependent monophone HMMs
and their trajectory versions. Diagonal covariances were used
for both types of models. Speech signals were sampled at 16

Table 2: Recognition error rates (%) for the trajectory HMM
and the standard HMM.

trajectory HMM standard
w/o update m σ m & σ HMM

error rate 19.4 18.5 19.0 18.1 19.5
rel. imp. 0.5% 5% 2.6% 7% ref

kHz and windowed by a 25.6-ms Blackman window with a 10-
ms shift, and then mel-cepstral coefficients were obtained by a
mel-cepstral analysis technique [22]. The feature vector con-
sists of 19 mel-cepstral coefficients including the zeroth coef-
ficient as well as their delta and delta-delta coefficients. We
used 3-state left-to-right HMM structure with no skips. For a
given Viterbi path obtained by the standard HMM, parameters
of the trajectory HMM were optimized by the algorithm de-
scribed in Section 3.1 (i.e., the proposed training algorithm was
not iterated in this experiment). The trained trajectory HMM
was evaluated in a continuous phoneme recognition task based
on the N -best rescoring approach: first, a 10-best list was gen-
erated for each test utterance by using the conventional Viterbi
algorithm with the standard HMM, and then each candidate was
rescored by the trajectory HMM.

Table 1 shows average log likelihoods of the trajectory
HMMs (“w/o update”: model parameters were not updated, i.e.,
those of the standard HMM were used, “m”: only means were
updated, “σ”: only variances were updated, “m & σ”: both
means and variances were updated). It is shown that the train-
ing algorithm improves the “trajectory likelihoods” consider-
ably for both training and test data sets.

Figure 1 shows the mean trajectories (the first coefficient
in cq) for the trajectory HMM (“w/o parameter update”: model
parameter of the standard HMM were used, “mean and variance
update”: means and variances were updated). The state mean
sequence of the standard HMM (the first coefficient in static part
of µq) and the trajectory extracted from one of the training data
(the first coefficient in c) are also plotted in the figure. It can
be seen that the trajectory generated from the trained trajectory
HMM is closer to the trajectory of the training data. It should
be noted that the trajectory corresponding to a phoneme varies
according to its neighboring phonemes (see phoneme /j/ in the
figure). This means that the trajectory HMM has the capability
to capture the coarticulation effects naturally.

Table 2 shows the phoneme recognition error rates for the
trajectory HMM and the standard HMM. The trajectory HMM
achieves a relative error reduction of 7% over the standard
HMM. Given the fact that without parameter update the perfor-



mance of the trajectory HMM did not improve, model param-
eter training based on the “trajectory likelihood” is essential in
the trajectory HMM approach.

5. Conclusion
This paper defined a new kind of trajectory model (trajectory
HMM) for acoustic modeling of speech by reformulating the
standard HMM whose observation vector consists of static and
dynamic features. We also derived a Viterbi-type training algo-
rithm for the trajectory model. It was shown that the model can
work as a trajectory model while it maintains the basic structure
of the standard HMM. In a preliminary speech recognition ex-
periment, a relative error rate reduction of 7% over the standard
HMM was achieved. One of the advantages of the trajectory
HMM is that huge amounts of software resources for the stan-
dard HMM could be easily reused.

In the near future, results of a complete speech recognition
experiment and application to Text-to-Speech synthesis will be
presented. Future work also includes derivation of a fast algo-
rithm for solving (27) and a Baum-Welch-type training algo-
rithm.
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A. Appendix
A.1. Maximizing P (o | q, λ) with respect to o under o =
W c

The logarithm of P (o | q, λ) can be written as

log P (o | q, λ) = −1

2
o�U−1

q o + o�U−1
q µq + Const, (34)

where Const is independent of o.
It is obvious that P (o | q, λ) is maximized when o = µq

without the condition (4), that is, the speech parameter vec-
tor sequence becomes a sequence of the mean vectors. With
the condition (4), maximizing P (o | q, λ) with respect to o is
equivalent to that with respect to c. By setting

∂ log P (W c | q, λ)

∂c
= 0, (35)

we obtain a set of equations

Rqc = rq. (36)

For direct solution of (36), we need O(T 3M3) operations2 be-
cause Rq is a TM × TM matrix. By utilizing the special
structure of Rq, (36) can be solved by the Cholesky decompo-
sition or the QR decomposition with O(TM3L2) operations3,
where L = maxn∈{1,2},s∈{−,+} L

(n)
s . Equation (36) can also

be solved by an algorithm derived in [12]–[14], which can op-
erate in a time-recursive manner [21].

2When Uq,i is diagonal, it is reduced to O(T 3M) since each of the
M -dimensions can be calculated independently.

3When Uq,i is diagonal, it is reduced to O(TML2). Furthermore,

when L
(1)
− = −1, L

(1)
+ = 0, and w(2)(i) ≡ 0, it is reduced to

O(TM) as described in [23].


