Recursive Calculation of Mel-Cepstrum from LP Coefficients
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Abstract

The mel-cepstral coefficients are often calculated from the linear prediction coefficients by
using recursion formulas. However, the obtained mel-cepstral coefficients have errors caused
by truncation in the quefrency domain. The purpose of this report is to point out that the mel-
cepstral coefficients can be calculated from the LP (Linear Prediction) coefficients using the
recursion formulas without the truncation error.

1 INTRODUCTION

The mel-cepstrum is useful parameter for speech recognition, and have widely been used in many
speech recognition systems[1]. There exist several methods to obtain mel-cepstral coefficients. In
the case using recursion formulas, the mel-cepstral coefficients, i.e., frequency-transformed cepstral
coefficients, are calculated from the LP (Linear Prediction) coefficients as follows. the LP coeffi-
cients arefirst transformed to the cepstral coefficients by using the recursion formula of [2], then the
cepstral coefficients transformed to the mel-cepstral coefficients by using the recursion formula of
[3]. However, since the cepstrum calculated from the LP coefficientsis an infinite sequence, it must
be truncated in the quefrency domain. As a result, we cannot obtain exact values of mel-cepstral
coefficients.

This report points out that the mel-cepstral coefficients can be calculated from the LP co-
efficients without the truncation error when we first apply the recursion formula for frequency-
transformation, and then apply the recursion formula of L PC-cepstrum.

2 Déefinition of The Mel-Cepstrum
The cepstrum?! ¢(m) of area sequence x(n) is defined as

c¢(m) = % 740 log X (2) 2™ tdz (1)

IStrictly, the complex cepstrum defined by A. V. Oppenheim and R. W. Schafer [4].
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log X (2) = Z c(m)z™™ 2
where X (z) isthe z-transform of x(n), and C' is a counterclockwise closed contour in the region of
convergence of log X (z) and encircling the origin of the z-plane. Frequency-transformed cepstrum,
so-called mel-cepstrum [5], is defined as

é¢(m) = % ]{; log X (z) 2™ 1dz (3)
log X(z) = f: é(m)z™™ 4

where .
z-lzxp(z):%, la| < 1. (5)

The phase response & of the all-pass system ¥ (e/“’) = =7 isgiven by

(1—a?)sinw

D= = tan ! :
© = Blw) = tan (1+ a?)cosw — 2

(6)

Thus, evaluating (3) and (4) on the unit circle of the z-plane, we see that ¢(m) isthe inverse Fourier
transform of log X (/) calculated on awarped frequency scale &:

clm) = o [ g X(e9) eI ™
log X (/%) = Z &(m) e=Iem (8)

where
X (%) = X (7771 (@), (9)

The phase response & = 3(w) gives agood approximation to auditory frequency scales with an
appropriate choice of a. An example of 16kHz sampling is shown in Fig. 1. In the figure, dashed
lines show the mel [6] and Bark? frequency scales normalized by 8kHz. Table 1 shows examples of
« for approximating the mel and Bark scales at several sampling frequencies.

The system function obtained by the L P method has the form

H(z) = B (10)

M
1+ Z a(m)z™"
m=1

where we assume that H(z) is a minimum phase system® . The problem is to calculate the mel-
cepstral coefficients ¢(m), m = 0,1,..., N given by

K =Y ém)yz ™ (11)

M
1+ Z a(m)z=™ m=0
m=1

log

2/ piecewise function shown in [7] is used for plotting the Bark scale.
3The system H (z) obtained by the autocorrelation method is always minimum phase.
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Figure 1: Phase responses @ = (3(w) of ¥(e/*) = e=/¢ (redl lines) and auditory frequency scales
(dashed lines). (16kHz of sampling frequency)



Table 1. Examples of .

[ Sampling Frequency || 8kHz | 10kHz | 12kHz | 16kHz | 20kHz | 22.05kHz |

mel scale 031 | 035 0.37 0.42 044 0.45
Bark scale 042 | 047 0.50 0.55 — —

from the LP coefficients a(m), m = 1,2, ..., M and K. It is noted that when the system H(z) is
of minimum phase, the mel-cepstrum becomes a causal and stable sequence.

In the conventional recursive calculation method, the mel-cepstral coefficients are calculated as
follows:

1. The cepstral coefficients c(m)’s given by

K = i c(m)z™" (12

M
1+ ) a(m)z"" m=0
m=1

log

are calculated by using the recursion formulaof [2].

2. The mel-cepstral coefficientsé(m), m = 1,2,..., N given by

Z c(m)z"" = Z é(m)z™™ (13)
m=0 m=0

are calculated by using the recursion formulafor frequency transformation [3].

Unfortunately, the cepstrum obtained by (12) is an infinite sequence and we require the infinite
sequence to calculate finite number of the mel-cepstral coefficients given by (13). Practically, the
mel-cepstrum is calculated from truncated cepstrum by an approximation:

L o)
Z c(m)z™™ = Z é(m)z™™. (149
m=0 m=0

It is noted that to reduce the truncation error sufficiently, L should be chosen in such a way that
L >> M. The complexity to calculate ¢(m), m = 0,1,..., N froma(m), m = 1,2,..., M and
KisO(ML)+ O(LN).

3 Recursive Calculation of The Mel-Cepstrum

The following procedure can avoid the trancation error:
1. Thefreguency transformed L P coefficients are first calculated based on the relation:
K K

= = = (15)
1+ Z a(m)z=™ 1+ Zl a(k)z™™
m=1 m=

by the recursion formulafor frequency transformation [3].
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2. The mel-cepstrum given by

]’? [e%¢)
log = = é(m)z™™m (16)
1+ > a(k)yz—m  m=0
m=1

are calculated by the recursion formula of [2].

Although a(m) is an infinite sequence, the mel-cepstral coefficients ¢(m), m = 0,1,..., N given
by (16) can be calculated from the finite sequence a(m), m = 1,2,..., N and K. Therefore, it is
not necessary to calculate infinite number of coefficientsa(m), m = 1,2,..., cc.

The recursion formulas for calculation of mel-cepstrum from LP coefficients are written as
follows:

4 a(—i) + aa=1(0), m=0
aD(m) =< (1-a2) a1 (0)+aali=-H(1), m=1
A Dim—-1)+a @ Ym)-adm-1), m=23,...,N
i=—M,...,—1,0 (17)
K =K/a®90), a(m)=a"m)/a?0), 1<m<N (18)
log K, m =
~ _ m—1
=9 _am) =S Eemyam—r), 1<m<nN (19)
k=1 "
where a(0) = 1.

The above algorithm calculates é(m), m = 1,2,..., N froma(m), m = 1,2,..., M and K with
the complexity of O(M N)+O(N?). Note that the above algorithmis aspecial case of therecursion
formulaof [8], [9].

4 Example

Fig. 2(a) shows an example of the spectrum obtained by the LP method. Fig. 2(b) and (c) show
the spectra represented by the mel-cepstra which obtained the conventional and proposed methods,
respectively. The spectrum represented by the mel-cepstral coefficients ¢(m), m = 0,1,..., N is
given by

N
Hy (') = exp Z é(m)z™™. (20)
m=0

From the figures, it is seen that the spectrum obtained by the conventional method loses the feature
at the low frequencies because of the truncation in the quefrency domain. On the other hand, the
proposed method is independent from the truncation in the quefrency domain. In this simulation,
L =15(= N = M) isused for the conventional calculation method. Although the truncation
error can be reduced sufficiently with L greater than about 20/, we cannot obtain exact values of
mel-cepstral coefficients unless L — oo.
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Figure 2. Spectra represented by the mel-cepstra which are calculated from the LP coefficients by
using the conventional and proposed methods. (« = 0.42)

6



5 CONCLUSIONS

In this report, we have shown a recursive calculation method of mel-cepstral coefficients from LP
coefficients. Our approach first applies the frequency transformation and then applies the recursion
formula of [2]. Using the recursion formulas, we can obtain the mel-cepstral coefficients without
the error caused by the truncation in the quefrency domain.

In the LP method, the LP coefficients are determined to minimize the mean square of linear
prediction error. However, N-th order mel-cepstral coefficients, which are obtained from the LP
coefficients by the recursion formulas, do not minimize the mean square of linear prediction error.
To avoid this problem, we have already proposed amel-cepstral analysis method [10], [11], inwhich
we can extract mel-cepstral coefficients which minimizes the mean square of linear prediction error
directly.
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